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1. MOTIVAT ION 
Consider the nonlinear discrete-delay s stems with multiple delays 
x(t) = f ( t ,x ( t -  T1) , . . . , x ( t - -  v,~)), 
x(t) = g(t), 
t_>0, 
(1) 
--W m ~ t ~ 0, 
where f, g denote given vector-valued functions, for j = 1, . . . ,  m, Tj is a given positive constant 
and ~:m -> Tin-1 _> "'" _> ~-1, x(t)  is the vector-valued unknown function to be solved for t > 0, 
f ,  9, and x E R d. 
It is well known that if the condition 7k/~-j = rational, for any {(k,j) : k ~ j . k , j  = 1 , . . .  ,m.} 
is satisfied, system (1) is an explicit finite difference process and its numerical solution can be 
obtained directly. In contrast, if the condition ~-k/Tj = irrational for some or any {(k,j) : k ¢ 
j .k ,  j = 1 , . . . ,  m.} is true, the problem becomes completely different from the former, we cannot 
obtain the numerical solution of system (1) directly. 
The stability of system (1) has been attracting much attention [1-7]. The control of system (1) 
is studied in [8]. But, we remark that in the literature, no computing methods have been proposed 
for the nmnerical approximation of problem (1) when 7k/vj  = irrational. 
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In the present note, an interpolation procedure is introduced for the numerical solution of 
system (1). The stabil ity of the interpolation procedure is discussed when it is applied to asymp- 
totically stable linear discrete-delay systems of type (1). That  is, 
x(t) : ~ Ajx(t  - ~-j), 
j= l  
• (t) : .q(t), < t < 0. 
(2) 
Here Aj E R dxd are constant matrices. 
If 7-k/~-j = irrational, for some or any {(k, j )  : k # j .k , j  = 1, . . .  ,m,}, the characteristic 
equation of system (2) has infinite roots. System (2) is an infinite dimensional one. Its analytical 
solution can be obtained only in very restricted cases. Its nmnerical solution cannot be computed 
directly. Hence, numerical methods are necessary for the numerical approximation of problems (1) 
and (2). 
2. THE INTERPOLAT ION PROCEDURE 
2.1. Formation of the Interpolation Procedure for (1) 
Let ti = ih, i >_ 0, h > 0, and :ri stands for the numerical solution at the mesh points t = ih. 
We consider the following formula: 
x~ = f (nh, xh(t-- T i ) , . . . ,xh( t - -  ~m)), t > O, (3) 
for n = 1 ,2 , . . . ,  xh(t) = g(t) for t _< 0, and xh(t) with t _> 0 is defined by 
xh(ti + 5h) = Lj(a)xi+j, (4) 
fo r0<6< 1 , i=0,1 . . . ,and  
(8 -  k) 
L j(6) (J k)' (5) 
where r,s > 0 are integers and r < s < r+9.  Set n > Im+l~ lj = [Uh-1],6] = l j -T]h -I for 
j ---- i,... ,m, lm _> "" _> 11 >_ s + I, here, [q] denotes the smallest integer that is greater than 
or equal to q C R. Thus, we can obtain the interpolation procedures (4) and (5) for (i) in the 
following way: 
( ± ) ,, x,~=.f  nh, Lp(51)x,~_h+p,..., Lr~(5,,~)x~_l,,,+p . 6 
\ p : - - r  p :  - - r  
The numerical solution of (1) is directly obtained through the explicit recurrence relation (6). The 
interpolation (5) is presented in [9,10] and applied to the numerical solution of delay differential 
equation with a single delay in [11]. 
REMARK 1. Since the interpolation error is of order O(]ff+~), the order of the recurrence proce- 
dure is r + s. 
REMARK 2. According to l,n >_ " "  >_ ll _> s + 1, we have the step size h < ~h(s + 1) I. 
Let the recurrence relation (6) be applied to the linear discrete-delay system (2); we have 
j= l  p=- - r  
(7) 
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2.2. Stability of the Interpolation Procedure for (2) 
In the section, we will establish a linear stability analysis of the interpolation procedure (6) by 
considering the scheme (7). 
For a square matrix F, IFI stands for the matrix whose component is replaced by the modulus 
of the corresponding component of F, the Aj(F) and p(F) denote the jth eigenvalue and the 
spectral radius of F, respectively. The following two lemmas are introduced to prove a sufficient 
condition for stability of system (2). 
LEMMA 2.1. (See [12]. ) Let F E C "x~ and Fo E R nx'~. If the inequMity IFI _< F0 holds, then 
the inequality p(F) <_ p(Fo) is valid. Here, the order relation of matrices of the same dimension 
should be interpreted componentwise. 
LEMMA 2.2. (See [4].) If the condition 
supp (~-~ <1 
holds :for 0 _< 0y _< 27r, j = 1 , . . . ,  m, and i -1 = -1 ,  then system (2) is asymptotically stable. 
The following lemma provides a sufficient condition for stability of system (2). 
LEMMA 2.3. (See [5].) If the condition 
holds, then system (2) is asymptotically stable. 
Although the lemma is given in [5]. We shall present a simple proof which is pointed out by [5]. 
PROOF. According to Lenmm 2.1, for 0 _< 0k _< 27r, we have 
~ Ajexp(iOj) <_ ~ ,Ajexp(iOj), <_ ~-~ ,Ajl 
j=l j=l j=l 
and 
In view of Lemma 2.2, the proof is completed. 
<1.  
| 
i.e.~ 
w(z) = det 
We have the following theorem. 
- _~,z  . . . .  
j=l  
=0.  
Now we turn our attention to the following lemma, which can be found in [9-11]. Let 
= ( j+ ' ) ,  
j~ - r  
for z E C ,0  < 6 < 1 and Lj(6) is given by (5). 
LEMMA 2.4. The inequality 
la(z,6)l _< 1 
holds if and only if r < s < r + 2, whenever Izl = 1 and 0 <_ 5 < 1. 
Now we consider stability of the linear difference system (7). Its characteristic equation is as 
follows: 
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THEOREM 2.1. I f  
(i) the condition 
and 
(ii) r < s < r + 2 hold, then the reccurence relation (6) for the/ /near system (2) is asymptot-  
ically stable. 
It is sufficient o show 
det zl'"+rI - £ Aja(z,  5j)z l''2lj 
j= l  
=O lzl<l. 
In the following, Ac arg[H(z)] stands for the increment of the argument of H(z)  when z runs 
through c. Let c = {z :  Izl = 1}. According to Lemma 2.4 and P(Y~=I IAjI) < 1, we have 
for [z I = 1 and i = 1 , . . . ,d .  Set 
we have IZi(z)l < 1 for Izl = 1 and i = 1, . . .  ,d. 
w(z)=detlzl""+r[-£Aja(z~(SJ)Zl'-lJ l j= l  
= det [z l"+rI]  det I - A ja (z ,~ j )z  -z j - r  
j= l  
'[ )] = det [zl"'+~I] 1-I 1 - hi Aja(z,(~j)z -h -~ 
i=1  j= l  
d 
= act [zl'"+~I] [ I  [1 - ~i(z)]. 
i=1  
Hence, 
d 
Ac arg[w(z)] = z~c arg [det z z'''+r] + E Ac arg[1 --/3,i(z)]. 
i=1  
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Accord ing  to Ifli(z)l < 1 for Izl = 1 and i = 1 . . . ,d ,  we can obta in  
Ac arg[1 - fl~(z)] = 0 
and 
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r01 0010.05] [il 0.01201 
A1 =: 0.01 0.3 0.15 , A2 = .012 0.125 2 . 
[_0.05 0.15 0.25 0 0.1 
In this example  T1 = V~, r2 = V/~, and gi(t)  = 2, i = 1, 2, 3. We are using scheme (7) for the  
numer ica l  so lut ion w i th  r = 2, s = 4, h = 0.1. 
By  d i rect  ca lculat ion,  we obta in  11 = 14, 12 = 22, p( lA l l  +IA21) = 0.5487932727. The  cond i t ions  
of Theorem 2.1 are satisfied, and therefore,  the recurrence re lat ion (6) appl ied to this example  is 
asymptot i ca l l y  stable.  See Table  1 for the numer ica l  results of this example.  
EXAMPLE 1. Let  
n 
1 
lOO 
200 
300 
400 
500 
600 
700 
800 
900 
and 
• 7-2 > T1 > 0. 
Table 1. Solutions to Example 1. 
Xl X2 X3 
2 2 2 
1.329244 x 10 -2 7.309510 x 10 -2 5.823866 x 10 -2 
2.112797 x 10 -4  1.187310 x 10 -3 9.474715 X 10 -4  
2.707770 x 10 -6 1.524669 x 10 -5 1.218887 x 10 -5 
3.872351 x 10 -s  2.166740 x 10 -7  1.722069 X 10 -7  
6.095288 x 10 - l °  3.416353 x 10 -9 2.719518 x 10 -9 
8.767731 x 10 -12  4.926939 x 10 -11 3.931442 x 10 -11 
1.229498 x 10 -13  6.898414 X 10 -13  5.496715 x 10 -13 
1.824529 x 10 -15 1.022697 X 10 - ]4  8.141489 x 10 -15 
2.697869 x 10 -17  1.513956 x 10 -16 1.206512 x 10 -1G 
EXAMPLE 2. Cons ider  sys tem (2) again w i th  the  fol lowing matr ices:  
0.24 0.08 0.08]  
A1 = -0 .024  0.4 0 .05 l  ' A2 = 
0 -0 .028  0.4 J I 
0.24 0.02 -0 .028]  
0.042 0.4 -0 .05  | .  
0.1 0.12 0.4 J 
2, 3. We are using scheme (7) for the  In th is  example ,  T1 ---- sin 1, T2 = V~, and gi(t)  = 2, i = 1, 
numer ica l  so lut ion w i th  r = 2, s = 4, h = 0.1. 
~c  arg[w(z)] = /kc arg [det z l''+r] + O. 
The po lynomia l  det [zL"+r I ]  is asymptot i ca l l y  stable,  using the  Pr inc ip le  of  the Argument ,  the  
proof  is completed.  I 
3. EXAMPLES 
In  this sect ion,  we present  several  examples  using the main  results of this paper.  
Cons ider  sys tem (2) w i th  m = 2, i.e., 
x(t )  = A lX( t  - 71) T A2x( t  - T2), t _> 0, 
x(t)  = g(t),  <_ t <_ o, 
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Table 2. Solutions to Example 2. 
1 
100 
200 
3O0 
400 
5O0 
600 
700 
8OO 
9O0 
~1 X2 X3 
2 2 2 
1.220500 X 10 -3 2.137054 X 10 -3 --1.176015 X 10 -5 
9.603956 X 10 - s  3.57426 X 10 -7 --2.509137 X 10 -7  
--2.02647571X 10 -11 --9.561010 × 10 -13 --5.867364 X 10 -11 
-8.333453 x 10 -15 -1.177029 × 10 -14 -4.792935 x 10 -15 
-1.239880 x 10 -18 -2.765574 x 10 -18 1.010701 x 10 -18 
1.061995 x 10 -23 -2.263407 x 10 -22 4.162455 x 10 -22 
4.799830 x 10 -26 4.757329 x 10 -26 6.196795 x 10 -26 
1.103047 x 10 -29 1.961972 x 10 -29 -5.218433 x 10 -31 
8.641134 x 10 -34 2.923291 x 10 -33 -2.396791 x 10 -33 
By direct calculation, we obtain 11 = 8, 12 = 14, f l ( IAl[+ [A2[) = 0.6792862501. The condit ions 
of Theorem 2.1 are satisfied, and therefore, the recurrence relation (6) appl ied to this example is 
asymptot ica l ly  stable. See Table 2 for the numerical results of this example. 
EXAMPLE 3. Consider system (2) again wj,th the following matrices: 
[1 010  1 !] 
A1 = 0.1 3 1.5 , A2 = 0.12 1.25 . 
0.5 1.5 2.5 0 0 
In this example, 71 = N/ i ,  7 2 = V/5, and gi(t) = 2, i = 1, 2, 3. We are using scheme (7) for the 
numerical  solution with r = 2, s = 4, h = 0.1. 
By direct calculation, we obtain 11 = 14, 12 = 22, p(IAll + IA21) = 5.487932727. The condit ions 
of Theorem 2.1 are not satisfied and the recurrence relation (6) appl ied to this example is not 
asymptot ica l ly  stable. See Table 3 for the numerical results of this example. 
Table 3. Solutions to Example 3. 
~t 
1 
100 
200 
300 
400 
500 
600 
7OO 
800 
900 
Xl x2 x3 
2 2 2 
1.330145 x 104 7.309079 x 105 5.821096 x 105 
3.859971 x 109 2.070216 x 1011 1.578976 x 1011 
1.652844 x 1015 9.083902 x 1015 7.097278 x 1015 
3.928328 x 102o 2.172433 x 1021 1.821094 x 1021 
1.127785 x 1026 6.149334 x 1026 4.767721 x 1026 
3.812146 x 1031 2.090298 x 1032 1.629534 x 1032 
1.061199 x 1037 5.839345 x 1037 4,567816 x 1037 
3.062607 x 1042 1.677284 x 1043 1.306053 x 1043 
1047 5.214077 × 1048 4.064528 × 1048 9.509695 x
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